Classification of entanglement in multipartite quantum systems is an open problem solved so far only for bipartite systems and for systems composed of three and four qubits. We propose here a coarse-grained classification of entanglement in systems consisting of N subsystems with an arbitrary number of internal levels each, based on properties of orthogonal arrays with N columns. In particular, we investigate in detail a subset of highly entangled pure states which contains all states defining maximum distance separable codes. To illustrate the methods presented, we analyze systems of four and five qubits, as well as heterogeneous tripartite systems consisting of two qubits and one qutrit or one qubit and two qutrits.
scribed by a tensor with N indices, for which there exists no exact analogue of the singular value decomposition of a matrix which, for bipartite systems, leads to the Schmidt decomposition [1] . Nonetheless, study of multipartite entanglement remains a crucial goal, with applications ranging from quantum information processing, quantum computation and quantum metrology to condensed matter and many-body physics [2, 3] .
One notable problem is to characterize all the different ways in which a multipartite system can share entanglement among its subsystems. A natural approach is to consider two states equivalent, if it is possible to obtain one from the other via local operations assisted by classical communication, with a nonzero probability [4] . For instance, for three qubits there exist six entanglement classes [5] , of which only two display genuine tripartite entanglement: the GHZ class, containing states equivalent to the GHZ state |GHZ 3 = |000 + |111 , and the W class, generated by the state |W 3 = |001 + |010 + |100 .
However, already for four qubits, there is an infinite number of SLOCC classes, which can be naturally organized into nine continuous families [6] . The situation gets more complicated for larger numbers of qubits. Some alternative approaches, based on topological [7, 8] or algebraic [9] techniques, provide only first steps towards the resolution of the problem.
In this paper, we analyze various classes of multipartite entanglement in a simplified setting, by restricting the Hilbert space to a discrete set. Each state in the set is related to a certain combinatorial design, called an orthogonal array (OA). An orthogonal array is a rectangular array of symbols taken from an alphabet of d letters, whose combinatorial properties are characterized by its strength -defined in the next Section.
Orthogonal arrays were introduced by Rao in 1947 [10] and find several applications ranging from cryptography and coding theory to the statistical design of experiments, software testing and quality control [11] . Moreover, they generalize some remarkable classes of combinatorial designs: Graeco-Latin squares, Hadamard matrices and classical codes [12] . Useful libraries of these arrays can be found in the handbook on Combinatorial Designs by Colbourn and Dinitz [13] , as well as in the online catalogs provided by Sloane [14] and Kuhfeld [15] .
Any orthogonal array with N columns generates a multipartite pure state |ψ of a quantum system made up of N parties. In general, the pure states of a quantum system form a continuous set, but only a discrete subset of states, referred to as array-based, is associated to an orthogonal array. In previous work [16] , a particular class of orthogonal arrays of strength k, called irredundant, was shown to generate a class of quantum states, called k-uniform, defined by the property that each state is maximally entangled with respect to any splitting of the N subsystems into two subsets composed of k and N − k subsystems. Here we will extend this observation much further, by studying properties of quantum states associated with different classes of orthogonal arrays.
The aim of this paper is to approach the problem of entanglement classification for a general system containing N subsystems with d levels each, by making use of results from the theory of orthogonal arrays with N columns and symbols from a set of d letters. As a byproduct, we construct a particular family of pure states, related to generating orthogonal arrays -see Section III. These quantum states exhibit a high degree of entanglement, making them potentially interesting for various quantum information processing tasks, such as quantum teleportation in a multi-user setting, quantum key distribution and quantum error-correcting codes.
The paper is organized as follows. In Section II we review basic properties of orthogonal arrays and in Section III we show how to derive systematically the generating arrays. In Section IV, the problem of entanglement classification for the set of array-based quantum states is formulated. In Section V we show how the theory of quantum entanglement can be used to determine whether two given arrays are non-isomorphic. In Section VI, we describe the classes of quantum entanglement for states corresponding to generating arrays. The main results of this work are summarized in Section VII. A complete list of generating OAs for systems of two up to four qubits are presented in Appendix A. Similar data for systems consisting of five qubits and for heterogeneous tripartite systems consisting of qubits and qutrits are available online.
II. ORTHOGONAL ARRAYS: DEFINITION AND BASIC PROPERTIES
An orthogonal array OA(r, N, d, k) is a rectangular arrangement with N columns and r rows containing symbols taken from the alphabet A d = {0, 1, . . . , d − 1}, such that for any subarray made up of k columns, every possible combination of k symbols is repeated the same number of times λ. The parameters of the array are usually called the number of runs r, the number of factors N , the index λ and the strength k of the OA, respectively [12] . with the strength k being related to the estimation properties of different factorial effects -for more information consult Ref. [12] .
In this paper, we consider only OAs with number of runs not greater than d N . We also do not distinguish between arrays differing only by a reordering of their runs; in fact, as factorial designs, they are equivalent for all statistical purposes. Moreover, if two arrays can be obtained one from the other by implementing any composition of permutations of rows, columns and symbols within columns, then the arrays are called isomorphic.
While the strength k of an array is a simple measure of its usefulness for statistical applications, there is a variety of arrays with the same strength. To discriminate among them, different quality factors have been developed in the literature [17] . In particular, the generalized resolution (GR) [18] [19] [20] [21] is a commonly used quality factor; it has a clear statistical interpretation for two-level OAs [22] . In order to compute the GR, each entry a ij of the OA is encoded as a complex root of unity, by mapping each symbol s ∈ A d to ω s = exp(2πis/d). Given the multiindex I = j 1 . . . j n , denoting a subset of n < N columns, the corresponding J-characteristic of order n is defined as
where |z| is the absolute value of z ∈ C. Let t be the smallest integer such that there exists at least one J-characteristic of order t different from zero (let us remark that t > k since all possible J-characteristics of order up to k are zero). Define J
Clearly, t < GR < t+1. For two-level OAs, the above quantity is invariant under isomorphisms.
However, for multi-level arrays, permutations of symbols within columns can change quantity 2) [23] . Hence the generalized resolution of a multi-level OA is defined as the maximum value of (2) taken over the family of all isomorphic arrays.
Let the set of all orthogonal arrays OA(r, N, d, k) with fixed values of parameters N , d and k, but an arbitrary number of runs r ≤ d N , be denoted by OA (N, d, k). Characterizing this set for general values of its parameters is a challenging problem and only partial results are known [24] [25] [26] . For instance, complete catalogs of non-isomorphic orthogonal arrays, denoted by OA(12, N, 2, k), OA(16, N, 2, k) and OA(20, N, 2, k), for any number of rows N and strength k, are provided in Ref. [27] . Furthermore, OA(18, N, 3, k) were classified [28] for all possible N and k. A method to enumerate non-isomorphic two-level orthogonal arrays of strength k and index λ with N = k + 2 columns and r = 2kλ rows was presented in [29] . Further orthogonal arrays with a small number of runs have been classified in [30] .
III. GENERATING ORTHOGONAL ARRAYS
In this section, we describe a systematic method which, in principle, allows one to obtain a complete description of the set OA (N, d, k) for general values of the parameters. In practice, computational complexity limits its applicability to low-dimensional cases.
Let us introduce the composition function, denoted by ⊕, and defined as follows, 
assuming that r + s ≤ d N . Let us remark that ⊕ is only a partial composition function, in contrast to a total one, in the sense it is well-defined only for two OAs such that their number of runs is not greater than d N . The operation ⊕ admits an identity element, which is the empty array (having r = 0 rows); moreover, it is associative and abelian.
The set OA (N, d, k) contains a subset of OAs, referred to as generating OAs, which cannot be written as the composition of any two OAs (unless trivially, when one of them is the empty array), while every other OA, which is not in such subset, can be written as a composition of two or more generating OAs. In this way, the generating OAs allow for a compact description of the entire set OA (N, d, k).
The following method to compute the generating OAs was developed by Pistone et al. [31] [32] [33] 
where |a i,1 a i,2 , . . . , a i,N denotes the product state |a i,1 ⊗ |a i,2 ⊗ · · · ⊗ |a i,N , and ⊗ stands for the Kronecker product. For example,
leads to the Bell state |Φ + of two qubits. For convenience, we consider unnormalized pure quantum states |Ψ N,d,k along our work.
For a given set of orthogonal arrays OA (N, d, k), its image under the map τ will be denoted
by OA(N, d, k); it is the set of corresponding array-based quantum states belonging to H ⊗N d . It includes a variety of states useful for different tasks of quantum information processing. In particular, the subset of states generated by irredundant orthogonal arrays, written IrOA, plays a special role in quantum mechanics [16, 34] . An OA(r, N, d, k) is called irredundant if every subarray made up of N − k columns contains no repeated rows. Any IrOA(r, N, d, k) defines a multipartite pure state of N parties, with d levels each, such that every reduction to k parties is maximally mixed. Therefore entanglement with respect to any splitting of the N subsystems into subsets of size k and N − k is maximal; such states are are called k-uniform.
In particular, an irredundant array with index unity, written IrOA(
k-uniform state with minimal support. Such arrays are completely equivalent to maximum distance separable (MDS) codes [35] . Speaking intuitively, their rows can be used to efficiently protect information against the presence of errors. MDS codes have the property that the Hamming distance between any two codewords, i.e. any two rows of an irredundant array with index unity, is a constant taking the maximal allowed value (according to the Singleton bound).
A comprehensive introduction to codes and their relation to orthogonal arrays can be found in Chapters 4 and 5 of Ref. [12] .
From Eq. (4), any OA(r, N, d, k) is uniquely associated to an N -partite pure quantum state |Ψ N,d,k which can be rewritten as follows,
where the coefficients c For instance, consider the set OA (2, 2, 1). Taking into account Eq. (6), one has that the coefficients of the state |Ψ 2,2,1 = c 00 |00 + c 01 |01 + c 10 |10 + c 11 |11 .
are constrained to satisfy c 00 + c 01 = c 10 + c 11 ,
Eq. (8) implies that the same number of zeros and ones occurs in each column of the array. In addition, one has to impose the constraint
so that the total number of runs is not greater than the number of runs for the full factorial design. As another example, consider the case of OA (3, 2, 2). Orthogonality of the array requires that every possible combination of two symbols taken from the set {0, 1} occurs the same number of times in every pair of columns. Imposing such restrictions to the state
leads to the linear constraints 
There is also a further constraint similar to that of Eq. (9).
More generally, the following result can be established:
is uniquely associated to a pure quantum state
with coefficients c i 1 ···i N satisfying the following set of linear constraints
together with the further constraint
Here, σ ∈ S N is any permutation on the space of multi-indices of length N , and
are any two multi-indices of length k.
Proof. Consider an arbitrary combination of k symbols, denoted by j 1 . . . j k , where each symbol is taken from the alphabet {0, 1, . . . , d − 1}. Then, the total number of times that such a combination appears in the last k columns of a given array, denoted by #(j 1 . . . j k ), is obtained by summing over all possible combinations of symbols in the first N − k columns of the array, i.e.
By definition of orthogonal array, any combination of k symbols occurs the same number of times in any k columns. In particular, this holds for the last k columns. Using Eq. (15) we
Applying a similar condition for any possible choice of k columns leads us to Eq. (13).
The linear system of Eq. (13) imposes a total of (d 
where 
where |g In Fig. 1 , we illustrate Proposition 3 by showing a three-dimensional projection of the convex polytope P (3, 2, 1), with the lattice points on its faces representing orthogonal arrays OA(r, 3, 2, 1). Let us also remark that the problem of computing the Hilbert basis of a rational cone is well-studied, with relevant applications in different branches of mathematics, such as combinatorics [38] , integer programming [39] and computational algebra [40] . 
with corresponding states
which, up to normalization, are equivalent to the Bell states usually denoted by |Φ + and |Ψ + . Proposition 3 implies that any array-based state in OA(2, 2, 1) is a superposition with nonnegative integer coefficients of the generating states |g 
3,2,2 = |000 + |011 + |101 + |110 . (22) The full list of generating OAs for systems of up to four qubits is reported in Appendix 
Here, I 2 denotes the identity matrix of size 2, σ x = 0 1 1 0 is the Pauli shift matrix, and H is the unnormalized Hadamard gate, H = Therefore, OA(4, 4, 2, 2) does not exist, which is equivalent to saying that two orthogonal Latin squares of size 2 do not exist. One can reach the same conclusion without the necessity to derive the full Hilbert basis. That is, from the system of linear constraints defining the cone C(4, 2, 2) one can, without loss of generality, assume that c 0000 = 1, so that by inversion one finds c 1111 = (r−6)/2−c 0001 −c 0010 −c 0100 −c 1000 . But then, for r = 4, the coefficient c 1111 would be negative, which is impossible. In a similar way, one could prove that an OA(36, 4, 6, 2), or two orthogonal Latin squares of size six, do not exist. This statement is equivalent to the fact that the famous problem of Euler [44] concerning 36 officers has no solution.
IV. ENTANGLEMENT CLASSIFICATION FOR ARRAY-BASED STATES
In this section, we introduce the problem of entanglement classification in the set OA(N, d, k).
The first issue is to define the class of free operations. In the Hilbert space H Proof. Consider an invertible transformation acting on one party only. This implies that, if
and without loss of generality the transformation is applied to the first party. For the transformation T A 1 to be OA-preserving, any two entries of A 1 must be in rational proportions. Since states are unnormalized, we may assume that all entries are integer. If some of the entries are negative, then T A 1 |ψ N,d,k is in general not array-based, thus we may further assume that all entries are nonnegative. Let us denote by α ij ∈ N 0 the entries of A 1 , with i, j ∈ {0, . . . , d − 1}. Then, by construction,
for arbitrary |φ ∈ H ⊗N −1 d
. Assuming that T A 1 is OA-preserving implies that
for any choice of row indices i 1 and i 2 , so each symbol s ∈ A d appears equally often along the first column of the array corresponding to T A 1 |ψ N,d,k . Moreover, it is also necessary that each symbol appears equally often in any other column, which requires that
for any choice of column indices j 1 and j 2 . In conclusion, A 1 must have nonnegative integer entries that sum to the same constant c along either a row or a column, i.e. A 1 is an integer stochastic matrix or a generalized magic square with magic constant c [45] . In turn, if A 1 is an integer stochastic matrix, then T A 1 |ψ N,d,k is array-based, since the corresponding array is an OA with strength k at least 1. The most general OA-preserving transformation is obtained by composition, i.e. it is of the form j T A j .
As an example, let us consider the case of qubits, that is d = 2. If A j denotes a general invertible matrix,
with α ij ∈ N 0 , for A j to be integer stochastic, one must have:
which implies α 00 = α 11 := α and α 01 = α 10 := β, with α = β. Thus, the most general OA-preserving transformation for qubits is the composition of transformations T A j , with
For instance, if |ψ N,2,k is the state based on OA(r, N, 2, k), then
or, at the level of arrays,
where f j [OA] is obtained from OA by permuting symbols along the j th column. It is clear that the transformation (31) does not change the strength of the orthogonal array it is applied to.
In fact, the following more general proposition holds:
PROPOSITION 5. Any two OAs, which are pre-images with respect to the map τ of quantum states connected by an OA-preserving transformation, have the same strength.
Proof. It is enough to check that, if
based on an OA having the same strength k. Here A 1 represents an integer stochastic matrix, with entries α ij ∈ N 0 and magic constant c =
For convenience, we introduce the following notation. Given a multi-index I = j 1 j 2 . . . j k with |I| = k, let π I be the linear operator that acts on basis kets as follows:
then ζ s is the linear operator that acts on basis kets
The fact that |ψ N,d,k is based on an OA of strength k is equivalent to the fact that, for any
i.e. the projection of OA(r, N, d, k) to any k columns is a multiple of the full factorial design
, with λ being the index of OA(r, N, d, k). Moreover, it also holds that, for any I with
We have to check that
where the |φ jl are basis kets. Then, from Eq. (24), it follows that
Suppose k is at least 2 (otherwise the statement is trivial). We have to check that for every I with |I| = 2, the state π I |ψ N,d,k is a multiple of τ (F 2,d ). For instance, for I = 23 one has
It is clear that the same holds for any choice of I not involving the first column. Consider instead I = 12; then,
The same holds for any choice of I involving the first column and any other column.
If k were equal to 2, this would conclude the proof. If k > 2, it is enough to notice that the previous computations rely on the two properties (32) and (33), which hold for any k.
Thus, OA-preserving transformations do not change the strength k. Moreover, they can only increase the generalized resolution of the corresponding array: 
Suppose the transformation T A 1 is applied to |ψ N,d,k ; if our statement holds in this particular case, it also holds for the most general OA-preserving transformation. The J-characteristic of
,k with multi-index I is denoted byJ n (I). There are two cases: either I includes the first index or not. If not, from Eq. (35), it follows that:
We conclude that any J-characteristicJ n (I), with I not involving the first column, is rescaled by c, the magic constant of the matrix A 1 .
Now suppose I includes the first index, so that it may be written as I = 1 · I , where
where we defined
Notice that β ij is a bistochastic matrix of order d. In matrix notation, we may rewrite the summation on the right hand side of Eq. (41) as ω ω ω T βz, where ω ω ω and z are complex column vectors and • T denotes the matrix transposition. By Birkhoff theorem, the set of bistochastic matrices is given by the convex hull of all permutations of given size. Hence we can represent an arbitrary bistochastic matrix as a combination of permutation matrices σ q . In particular one can write, β = q θ q σ q , where the positive weights θ q sum to unity, q θ q = 1. Then,
Notice that |ω ω ω T σ q z| is the J-characteristic, for the same multi-index I, of the OA τ
We conclude that any J-characteristicJ n (I), with I involving the first column, is less or equal to c times the maximum of the J-characteristics, for the same multi-index I, of OAs obtained 
via the OA-preserving transformation T A 1 with A 1 = ( 1 2 2 1 ). However, from the point of view of orthogonal arrays theory, arrangements (44) and (45) are inequivalent.
Having formalized the entanglement classification problem in OA (N, d, k) , we collect here a few simple results. Equivalent states in our classification are also equivalent according to the standard SLOCC classification, but the opposite does not hold. By Prop. 5 the strength k is the same within each class. Due to Prop. 6, each entanglement class contains a state such that the corresponding array has the least number of runs, and thus also generalized resolution at least as small as any other array in the same class. Such a state is essentially unique, in the sense that all other states are based on isomorphic arrays. This is because an integer stochastic transformation increases the number of runs by a factor c, equal to its magic constant, and an integer stochastic transformation with c = 1 is a permutation matrix. Thus, any two OA-based states in the same entanglement class having the same number of runs must be isomorphic. For multipartite systems, there are several possible choices of entanglement measures, even for pure states [2, 46] . We choose to quantify entanglement by the mean von Neumann entanglement entropy averaged over all possible bipartitions. In other words, entanglement is quantified by the amount of information contained in different subsets of parties. For instance, pure multipartite states that can be prepared by using only local operations and classical communications are fully separable, i.e. they can be written in tensor product form. For such states, the reduction to any number of parties gives rise to a pure state, which means that the total information in the global state is the sum of the information available to each party.
However, for entangled states, this statement does not hold. An extreme case is given by the k-uniform states, for which all reductions to a fixed number of k parties are maximally mixed.
For instance, for the 1-uniform GHZ state, the global state has vanishing von Neumann entropy, while the entropy of each single-party reduction is maximal. Therefore, each party has no information about the global state. This remarkable property of quantum states plays a fundamental role in quantum technologies like secure quantum communication [47] , quantum cryptography [48] and randomness certification [49] .
The array-based entanglement classification just introduced manages to capture many genuinely different types of entanglement. This is because, for any choice of the parameters N , d
and k, it always includes classes having the maximum and minimum amount of entanglement, Let us observe, for example, that for the set G(2, 2, 1) we find the maximally entangled states given in Eq. (20) , namely the Bell states. The set G(3, 2, 2) includes the states of Eq. (22), which are both equivalent under local unitary operations to the GHZ state |GHZ 3 of three qubits. The W class, inequivalent to the GHZ class, does not appear in G (3, 2, k) . This may be related to the fact that any 3-qubit state in the W class has zero three-tangle [50] , while the GHZ class is characterized by a positive three-tangle. Thus, 3-qubit pure states belonging to the W class form a measure zero set within the set of pure states, whereas the GHZ class is generic, i.e. a random 3-qubit pure quantum state belongs to the GHZ class with probability one. Despite this fact, the 3-qubit W class is encoded in some elements of G (4, 2, 1) . Indeed, (4) to two given arrays. A necessary condition for the arrays to be isomorphic is that for both sets of single party reductions
where i = 1, . . . , N , there exists an injective permutation function f : Z N → Z N and a suitable permutation matrix P i such that Interchanges of columns correspond to a renaming of the labels of the local Hilbert spaces, which is taken into account by a suitable choice of the permutation function f . Permutations of symbols within columns are described by local operations of the form P 1 ⊗ · · · ⊗ P N , where
..,N are permutation matrices. Let us recall that, for any two states equivalent under local unitary transformations, |φ 1 and |φ 2 = U 1 ⊗ · · · ⊗ U N |φ 1 , one has that the single party reductions are related as follows,
where ρ It is easy to show that the conditions imposed by Proposition 8 are necessary, but not sufficient. For example, there are two inequivalent 1-uniform quantum states for four qubits systems:
and Given that both states are 1-uniform, all single party reductions are maximally mixed. However, the corresponding OAs, 
are non-isomorphic.
We can use Proposition 8 to define a sufficient criterion to detect non-isomorphic orthogonal arrays. 
be the sets of purity of reductions ρ Proof. The proof follows immediately from the previous proposition, together with the observation that any two matrices ρ 1 and ρ 2 , which are connected by a similarity transformation of the form ρ 1 = P ρ 2 P T with P a permutation matrix, have the same purity.
Another sufficient criterion is the following: , which give rise to the 3-qubit states |Σ 1 and |Σ 2 , respectively. Since the polynomial invariants [51] for |Σ 1 and |Σ 2 are not the same, OA 1 and OA 2 are non-isomorphic arrays (see Table I ).
VI. ENTANGLEMENT CLASSES OF GENERATING STATES
In this section, we describe the entanglement classes of array-based states belonging to the The first task is a standard integer programming task. Concerning the second task, we make use of the fact that any orthogonal array can be encoded as a vertex-colored graph, in such a way that two arrays are isomorphic iff the corresponding graphs are [52] . Testing for graph isomorphism was performed via the software program nauty [53] . 
Therefore, there are only two classes in the set G(3, 2, 1) of generating states, with representatives denoted by |φ
This case is sufficiently simple that we also show the entanglement classes for OA(3, 2, 1).
One finds that there are 9 classes, with representative states |ψ (γ) 3,2,1 :
The first two states are based on the OAs of Eq. (55); they are unitarily equivalent to |GHZ 3 .
The states |ψ has only bipartite entanglement among the first two parties; in fact, it can be written as |GHZ 2 ⊗ |+ . The state |ψ (IX) 3,2,1 is fully separable and corresponds to the full factorial F 3,2 -see also Table II. We have therefore been able to reproduce all qualitatively different types of entanglement for three qubits [5] . Let us remark that states that are inequivalent in the array-based classification can nonetheless be equivalent in H [51] . In particular, I 6 is related to the three-tangle τ ABC via I 6 = τ 2 ABC /4. We omit I 1 , which is trivially the norm of the state. States having the same invariants are unitarily equivalent in H ⊗3 2 .
B. Four qubits
Let us now consider the case of 4 qubits. For strength k = 1, there are only three nonisomorphic arrays in G (4, 2, 1): OA
4,2,1 and OA (48) 4,2,1 ; they are shown explicitly in Appendix A. Hence they lead to three corresponding classes of entanglement, with representative states:
The first one is the GHZ state |GHZ 4 . The second is also a 1-uniform state, like |GHZ 4 , but not SLOCC-equivalent to it. The third has genuine quadripartite entanglement, with average purity of its single-party reductions equal to ∼ 0.531. For more information see Table III .
Finding all classes in OA(4, 2, 1) is significantly more complicated than for 3 qubits; there are in fact a total of 1110 different classes. It is reasonable to expect the number of classes to grow quickly with the number of parties N , though by construction it always remains finite.
We turn instead to a more detailed study of the entanglement properties of states in G(4, 2, k).
The hyperdeterminant is a generalization of the determinant of a matrix to tensors [55] . Its absolute value is used in quantum information theory as an entanglement measure, generalizing the concurrence [56] and three-tangle τ ABC for systems of two and three qubits, respectively [57] . In Appendix B, we compute the hyperdeterminant, as well as other entanglement measures [54] , for every state in G(4, 2, k) and all possible values of the strength k.
Let us remark that, for 4-qubit systems, there are nine continuous families of entangled states in the SLOCC classification [6] . It has been proven that eight of those classes have zero hyperdeterminant [54] , the remaining one being called generic. Up to SLOCC operations any state belonging to the generic class can be written as [58] ,
where
|00 ± |11 and |Ψ ± = |01 ± |10 are the Bell states. We observe that any 4-qubit state |φ belonging to the generic class can be written as a linear combination of the states associated to the following four elements of the Hilbert basis for the class OA (4, 2, 1):
4,2,1 , OA
4,2,1 .
Explicit expressions for these OAs can be found in Appendix A. 
C. Five qubits and beyond
Let us now consider systems consisting of five qubits. For strength k = 1, there are eleven non-isomorphic generating arrays in G (5, 2, 1) , giving rise to as many entanglement classes in the corresponding set G (5, 2, 1) . Here, we report a possible choice of representative states:
For six qubits, the problem of computing the Hilbert basis of the cone C(6, 2, k) is computationally out of reach for small values of k. In fact, we managed to obtain the generating arrays only for k = 4, 5. Here, the case k = 4 is discussed, since the case k = 5 is already included in it. There are three non-isomorphic generating arrays in G (6, 2, 4), giving rise to as many classes, with the following representative states:
6,2,4 = |000000 + |000001 + |000110 + |000111 + |001010 + |001011 + |001100 + |001101 + |010010 + |010011 + |010100 + |010101 + |011000 + |011001 + |011110 + |011111 + |100010 + |100011 + |100100 + |100101 + |101000
6,2,4 = |000001 + |000010 + |000100 + |000111 + |001000 + |001011 + |001101 + |001110 + |010000 + |010011 + |010101 + |010110 + |011001 + |011010 + |011100 + |011111 + |100000 + |100011 + |100101 + |100110 + |101001 + |101010 + |101100 + |101111 + |110001 + |110010 + |110100 + |110111
6,2,4 =2 |000000 + |000001 + |000010 + |000011 + |000100 + |000101 + |000110 + 2 |000111 + 2 |001001 + 2 |001010 + |001011 + 2 |001100 + |001101 + |001110 + |001111 + |010000 + |010001 + |010010 + 2 |010011 + |010100 + 2 |010101 + 2 |010110 + 2 |011000 + |011001 + |011010 + |011011 + |011100 + |011101 + |011110 + 2 |011111 + |100000 + |100001 + |100010 + 2 |100011 + |100100 + 2 |100101 + 2 |100110 + 2 |101000 + |101001 + |101010 + |101011 + |101100 + |101101 + |101110 + 2 |101111 + |110000 + 2 |110001 + 2 |110010 + 2 |110100
To conclude this section, we remark that the combinatorial techniques presented in this work are not restricted to N -qudit systems. That is, they can also be applied to heterogeneous systems [34] , made up of subsystems with a different number of internal levels. We have computed the Hilbert basis for the families (i) OA (2 2 3 1 , k) and (i) OA ( 
Instead, for systems of one qubit and two qutrits, one finds fifteen classes, with the following representatives:
VII. CONCLUDING REMARKS
We investigated the combinatorial family of quantum states composed of N subsystems, with d levels each, which are based on fractional orthogonal designs consisting of N columns of symbols from a d-letter alphabet. In particular, we formulated the entanglement classification problem within this restricted set and studied the entanglement classes corresponding to arraybased states for a small number of parties.
This approach provides a coarse-grained picture of the full classification of entanglement, as shown explicitly for the 3-qubit system. For a higher number of parties, we restricted our attention to the subfamily of states corresponding to generating orthogonal arrays. In this way we identified several classes of highly entangled states, including all states based on maximum distance separable codes.
The list of generating orthogonal arrays for systems of up to four qubits is provided in For a two-qubit system, the set of orthogonal arrays OA (2, 2, 1) is in one-to-one correspondence with the polytope P (2, 2, 1). The generating states of the Hilbert basis of the cone C(2, 2, 1) were reported in Eq. (20) . They are the well-known Bell states and are repeated here for completeness, i.e.
2,2,1 = |01 + |10 . 
Three qubits
For a 3-qubit system, the set of orthogonal arrays OA (3, 2, 1) is in one-to-one correspondence with the polytope P (3, 2, 1). The generating states of the Hilbert basis of the cone C(3, 2, 1)
are:
3,2,1 = |010 + |101 , |g
3,2,1 = |000 + |111 , |g
3,2,1 = |000 + |011 + |101 + |110 .
The corresponding orthogonal arrays are listed below. 
3,2,1 , so that
3,2,2 = |g 
Four qubits
For a 4-qubit system, the set of orthogonal arrays OA (4, 2, 1) is in one-to-one correspondence with the polytope P (4, 2, 1). There are 48 generating states of the Hilbert basis of the cone C(4, 2, 1), |g
4,2,1 = |0000 + |0000 + |0111 + |1011 + |1101 + |1110 ,
The generating states, which have been suppressed here for brevity, can be easily read out from the corresponding orthogonal arrays, listed below. 
4,2,1 = 0 0 1 1
4,2,1 = 0 0 1 0
4,2,1 = 0 0 0 1 For strength 2, the set of orthogonal arrays OA (4, 2, 2) is in one-to-one correspondence with the polytope P (4, 2, 2). The generating states of the Hilbert basis of the cone C(4, 2, 2) are |g
4,2,2 = |0010 + |0011 + |0100 + |0101 + |1000 + |1001 + |1110 + |1111 , |g (2) 4,2,2 = |0001 + |0011 + |0100 + |0110 + |1000 + |1010 + |1101 + |1111 , . . .
|g
4,2,2 = |0000 + |0000 + |0011 + |0101 + |0110 + |0111 + |1001 + |1010
The corresponding orthogonal arrays are listed below. In this appendix, we compute a complete family of 4-qubit invariants for the generating states belonging to the sets G(4, 2, k), with k = 1, 2, 3. There is an infinite number of entanglement classes for four qubits in the SLOCC classification, which can be organized into nine continuous families [6] . Of the nine families, only one family is generic. States belonging to the generic family can be distinguished because their hyperdeterminant ∆ is nonvanishing [60] . The other eight families, having vanishing hyperdeterminant, belong to a set of measure zero in the 4-qubit Hilbert space. It is possible to discriminate among them by considering the following set
